From Newton "Method of fluxions" to Gauss' Theorema Egregium, the notion of curvature notably evolved from its appliance to a curve in a plane, to the one about a surface in space. Euler was the first mathematician who tried to define the curvature of a surface, although employing the curvature of a curve by comparing a plane section of the surface and a circumference. Later, Gauss changed Euler's definition to overcome its limitations by defining it through the comparison between the linear element of the surface and the spherical one.
• If a circumference is tangent to a curve at a point on the concave side, so that another one cannot be inserted in the contact angle (it will be the highest possible tangent circumference), then it will have the same curvature of the curve in the point of tangency.
• The curvature centre of a curve at a point is the centre of the circumference whose radius is perpendicular to the curve, with same curvature and tangent to the curve in the point. To find it, one has to look for the intersection of the normal to the curve, on the concave side, at the point and in another infinitesimally close. Therefore, the curvature of a curve at a point will be the inverse of the radius of the highest tangent circumference in it. The formula derivedd by Newton is
where the apex · is the fluxion's (derivative) symbol.
1686 Leibniz, in the "Acta Eruditorum" [10] , defines the osculating circle of a curve at a point as the circumference secant the curve in four points, to the limit coincident between them at the point of tangency, and whose curvature is equal to the one of the curve at the point.
1691 Jakob Bernoulli, in the "Acta Eruditorum" [2] , rectifies Leibniz statement demonstrating that 3 secant points are sufficient to define the osculating circle. In the meantime, his brother Johann, in the "Lectiones Matematicae" [1] , resultes a theorem to find the radius of curvature as
in which d 2 x = 0 because of the cartesian coordinate frame used.
1758 Abraham G. Kästner, in his book "Anfangsgründe der Mathematik" ("Foundations of Mathematics") [9] , defines the curvature of a curve at a point as the ratio of the angle ∆Θ subtended between two tangents to the curve at two points, in the limit of their coincidence, and the length of the arc of the curve between them ∆s. One gets that lim ∆x→0 ∆Θ ∆s = dΘ ds .
In the limit of coincidence between the two extremes of the arc, s = dy dx is the derivative's value: therefore
If d 2 x = 0 then ds = d 2 y dx (dx) 2 : replacing in latter eq. (2), the new one is r = −dx (1 + s 2 )
3/2 ds = 1 k .
Leonhard Euler, Johann Bernoulli's doctoral student and entertainer of a long correspondence with Kästner, used eq. (5) in his 1763 paper "Recherches sur la courbure de surfaces" [5] . According to a recent demonstration, let T (s) be the unit vector tangent to the parametric curve α(s), parametrized through the arc length s: then T (s + ds) − T (s) = N dΘ, with N the orthogonal unit vector and T (s + ds) and T (s) tangent unit vectors to α(s) as shown in Fig. 1 .
Figure 1: Vectors T(s), T(s+ds), T(s+ds)-T(s)
One has that
thus T (s) = k(s)N (s). Moreover, the arc length s is the length, on the curve, between one inceptive fixed extreme A and a point P so that
Going ahead, one gets
and, in conclusion
To keep on with the demonstration, it is necessary to remember
Therefore, one finally gets
where Jα (t) is the orthogonal complement of α (t) .
Eq. (11) is an EXTRINSIC definition of curvature, obtained by immersing the curve in a larger set (plane), whose elements are used to define it. Now, one would have to verify two equivalences, the first one between eq. (11) and eq. (1), the second one between eq. (11) and eq. (5), in order to check the consistency between these different definitions of curvature of a curve at a point. Indeed, in the first case one can show that
The value in eq. (11) is then equivalent to Newton's one given in eq. (1).
In the second case, one can show that (from (4))
Replacing the resulting values of s and ds in eq. (5), one finally gets
The value in eq. (11) is then also equivalent to Euler's one given in eq. (5). Lastly, one would have to verify the osculating circle properties by demonstrating the following theorem:
Let α(t) be a differentiable plane curve, defined in an interval (a,b), a < t 1 < t 2 < t 3 < b, and let C(t 1,2,3 ) be a circle passing through the 3 distinct points α(t 1,2,3 ) not aligned. Lastly k(t 0 ) = 0 and t 0 ∈ (a, b). Then, C = lim t 1,2,3 →t 0 C(t 1,2,3 ) is the osculating circle of α(t) in t 0 .
Demonstration) Let p be the centre of C(t 1,2,3 ) and f (t) be a function (a, b) → such that f (t) = α(t) − p(t 1,2,3 ) 2 , i.e. it restores the osculating radius' value in α(t). Therefore,
(according to eq. (11)) : therefore C has a radius parallel to the orthogonal complement to the tangent unit vector
, initial point α(t 0 ), terminal point p and magnitude 1/k(t 0 ). Then, C is the osculating circle of in t 0 .
2 The curvature of a surface in space according to Euler 1763 Euler presents "Recherches sur la courbure des surfaces" (p. in 1767) [5] .
In it, he states that one cannot determine the curvature of a surface in space by comparison (in analogy to the plane case) with a sphere whose curvature is measurable as equivalent to that of its great circles. This is not possible, because infinite different curves pass through every point on the surface: they are sections of the surface with a plan for every possible direction; in addition to that, for each of these curves, there are infinite possible planes of intersection (infinite planes pass through a straight line). Thus, endless determinations are necessary in order to discover an accurate value of k. It is yet a comparison between curves, not between surfaces . For this purpose, one considers only the infinite normal sections to the surface at a point, containing the normal to the surface at a point (as for the osculating circle whose point/centre radius lies on the normal to the curve at a point): then, all the considered curvature radii will be directed along the normal to the surface at a point. This set of curvature radii provides an accurate value of the curvature at a point. This definition is extrinsic as the previous one whence it is derived. Euler developed his theory essentially through 4 steps:
• the study of curvature radius of a section of a generic secant plane;
• the development of the special case of a normal section;
• the comparison between the curvatures of the normal sections through the mutual inclinations of the planes;
• the determination of the superficial curvature at a point. 
Curvature radius of a section of a secant plane
As shown in Fig. 2 , the secant plane of the surface at Z is
so that
and thus
Moreover, the straight line EF is y = . EF is also normal to T Z, which is the intersection between the secant plane and another normal to it passing through Y Z.
(ET = t, T Z = u) is the new couple of coordinates on the secant plane, whose origin is T , whereby the curvature radius is determinable. (AT = x, T Y = y) are the old coordinates, so that
Setting
and replacing u and t from eq. (20) into eq. (21), one obtains, after some algebraic and differential manipulations, the required formula
2.2 Special case of a normal section M is the intersection between the normal to the surface section in Z and the x-axis, thus Y M is the subnormal of Z in ν, while N is the intersection between the normal to the surface section in Z and the y-axis. Thus Y N is the subnormal of Z in µ: thus, according to the subnormal equation
Through M one draws the straight line parallel to the y-axis and through N the one parallel to the x-axis, which intersect at the point P : then, the segment ZP will be normal to both considered sections and finally to the surface at the point Z. Indeed, in ν, the tangent to the section in Z is ( 
Substituting the latter in (22), one obtains
Comparison between curvature radii of the normal sections through planes' mutual inclinations
Among the normal sections, the MAIN one is defined as the one whose intersection with xy passes through the projection Y of Z on xy. By construction,
. Then, considering (26a), one gets
Between a generic normal section, intersecting the plane xy in EP , and the main one, containing Y , Z and P , there is an angle φ: by construction, it is equivalent to YRS (Y S normal to Y P , R intersection of the normal plane to xy, passing through Y S, with ZP ). 
Thus, one obtains
and moreover, by substituting in (26a), one can write
.
Finally, through further manipulations on (31a), one gets
(32)
The curvature radius depends on φ and no longer on ζ as in (26a).
Determination of superficial curvature at a point
In order to find the value of the superficial curvature at the point Z, one has to notice that L, M, N are functions of p, q, 
Other extreme points are coincident to those or opposite on the same direction (on the same normal section): thus the directions of maximum and minimum curvature are normal to each other. From (33), one gets
Now, one introduces a new frame of reference on the tangent plane of the surface at Z: on it, one rotates the coordinate axes to put them onto the directions of extreme curvature radii.
By substituting in (32), one obtains
The value of the curvature radius depends on its maximum f , on its minimum g and on φ.
3 The development of a surface in space on a plane 1772 Euler publishes "De solidis quorum superficiem in planum explicare licet" [4] .
Starting from the property, known in elementary geometry, of cones and cilinders (not of spheres) to be unfolded ("developed") on a plane without distortions, Euler wants to establish sufficient conditions under which a generic surface has this feature. He expands its analysis in three steps:
I. the search for a solution obtained from analytical principles II. the search for a solution obtained from geometrical principles III. the use of the second one in the first one.
The second part of this article and the third one will not be dealt there because they are irrelevant for paper's purpose.
General definition of surface development obtained from analytical principles
Let Z be a point of a surface in space whose coordinates are AX = x, XY = y, Y Z = z and let V a point in the development plane such that Z ≡ V . Because V is a point on a plane, it has a couple a orthogonal coordinates OT = t, T V = u and Euler writes "it is evident the triad of the previous coordinates (x, y, z) somehow must depend on the couple (t, u)" (introducing in mathematics history the idea of parametric surfaces). The differential equations for x(t, u), y(t, u), z(t, u) are
Let v, v two points indefinitely near to V such that their coordinates are (t, u + du), (t + dt, u): because the development is an isometry, the triangle V vv must be equivalent to the triangle Zzz , with z and z respectively counterimages of v and v on the surface. Thus
It follows z = Z + du, z = Z + dt and then z = (x + λdu, y + µdu, z + µdu), z = (x + ldt, y + mdt, z + ndt)
From (39), using Euclidean formula of distance beetwen two points on a plane
One finally discovers the six conditions under which a surface in space is developable on a plane by comparison the equations (38) with the equations (40) and from the irrelevance of derivation order in partial derivatives in (37):
TWO SIMPLE EXAMPLES:
• The cylindrical surface Let ξ : (t, u) → (cos(t), sin(t), u) be the parametrization of a cylindrical surface: in this case all the six conditions are satisfied.
• The spherical surface Let γ : (t, u) → (sin t cos u, sin t sin u, cos t) be the parametrization of a unit spherical surface with radius r: in this case, condition λ
is not satisfied and thus γ is not developable.
In this work, Euler starts to use intrinsic (not dependent on shape) properties of surfaces, manages to determine a general definition of linear element of a surface in space ( (40b)) but only for the developable ones.
4 The curvature of a surface in space according to Gauss 1827 Gauss publishes "Disquisitiones generales circa superficies curvas" [6] .
In this paper he investigates the surface curvature by the comparison between the studied surface and the spherical one. His assumption is then different from the Eulerian one, because Euler used the notion of curvature of a curve in a plane on the sections of the studied surface. To this purpose, he introduces a correspondence between points of the surface in space and points of unitary radius sphere: for a point P (x, y, z) of the surface σ, there is a point P (X, Y, Z) of unitary sphere Σ whose coordinates are equivalent to the direction cosines of the unit vector OP (it is still an extrinsic approach). The MEASURE OF CURVATURE k of the surface at a point is the ratio among the spherical surface element dΣ, centred in P , and the surface element dσ, centred in P (local measure): its SIGN will depend on the projection of dσ on dΣ;. If it maintains its orientation in relation to the normal outgoing from the external face of dΣ, then k is positive, otherwise it is negative. Let zdσ and zdΣ be the projections of surface elements on xy: then zdΣ zdσ = dΣ dσ = k and the ratio among projections is still k. Let A, B, C ∈ dσ, projected on xy, whose projections are A xy = (x, y), B xy = (x + dx, y + dy), C xy = (x + δx, y + δy). Let A , B , C ∈ dΣ, projected on xy, whose projections are A xy = (X, Y ), B xy = (X +dX, Y +dY ), C xy = (X +δX, Y +δY ). Let A , B , C be the projections respectively of A, B, C on dΣ. Since the cross product magnitude is equivalent to parallelogram area subtended by two vectors, the value of surface elements will be the cross product magnitude of distance vectors of two points in respect to the origin (P or P ). Finally,
5 The determination of curvature measure
In order to result a formula for curvature from the differential relation (42), three different ways to define a surface in space (thus three different differential relations (x, y) ↔ (X, Y )) are studied:
Let (dx, dy, dz) be the distance vector between two points on σ at limit coincident: it is therefore normal to (X, Y, Z) (unit vector of direction cosines in (x, y, z)) so that subsequently
The first one will not be dealt here because it is irrelevant for paper's purpose.
Determination of k by third definition of surface
Gauss first investigats the third definition z = z(x, y), reformulated in order to develop the reasoning:
Thus, from (43) one derives 
and after several algebraic and differential manipulations performed on (45) and (47), one finally finds the curvature formula
Gauss keep on writing that, if xy is tangent to the surface at the studied point z 0 , then in
. Moreover, if one puts the origin axis in z 0 , then (Ω negligible, H Hessian of z)
If one applies an axis rotation of Θ such that tan(2Θ) =
From (50a) one understands (remembering (11) ) that T z 0 and V z 0 are the curvature values in z 0 along the surface restrictions in respect to new axes x , y : 
Determination of k by second definition of surface
One introduces the variables
a, b, c, a , b , c in (53) are respectively equivalent to l, m, n, λ, µ, ν in (37).
It is necessary to perform several algebraic and differential manipulations in order to reformulate (48) with the variables just written: at last it will be
To keep on, one has to introduce the new variables
Remebering (37),
By performing another long sequence of algebraic and differential manipulations (54) is reformulated, through the variables (55) and (56), in
At last, (58) is reformulated only through E, F, G and their partial derivatives with respect to p and q. According to eqs (55), (56) and (53), one gets 
5.3 The "Theorema Egregium"
The relevance of expressing k as a function of only E, F, G (from (56)) resides in the formula of linear element of curved surface. For a parametric surface,
Formula (62) is almost equivalent to (40b) (the difference of a minus is due to the fact the second one is a distance and the first a vector sum).
Gauss writes: "The analysis developed shows us that for finding the measure of curvature there is no need of finite formulae, which express the coordinates x, y, z as functions of the indeterminates p and q; but that the general expression for the magnitude of any linear element is sufficient". Let σ(x, y, z) e σ (x , y , z ) be two surfaces in space such that the first can be DEVELOPED UPON the second: therefore, "to each point of the former surface, determined by the coordinates x, y, z will correspond a definite point of the later one, whose coordinates are x , y , z . Evidently, x , y , z can also be regarded as functions of the indeterminates p and q and thus for the element (dx ) 2 + (dy ) 2 + (dz ) 2 we shall have an expression of the form E (dp) 2 + 2F (dpdq) 2 + G (dq) 2 ". He concludes: "But from the very notion of the development of one surface upon another it is clear that the elements corresponding to one another on the two surfaces are necessarily equal. Hence we shall have identically E = E , F = F , G = G . Thus the previous formula leads of itself to the remarkable theorem ("Egregium theorema"): If a curved surface is developed upon any other surface whatever, the measure of curvature in each point remains unchanged".
Overcoming Euler's work, Gauss manages to define a measurable feature also for spherical surfaces and all those not developable on a plane, not only the equivalence between local plane metric and developable surfaces' ones.
According to modern terminology, the importance of this theorem is related to the possibility to express the second fundamental form of a surface entirely through the variables of the first one, i.e. the Gaussian curvature k of a surface in space depends only on its local metric and not on its shape (how it is parametrized in the external frame of reference from where it is observed). Finally one deduces the passage from an EXTRINSIC definition of curvature to an INTRINSIC one, because the local metric, not dependent on shape (and its operator), does not change if surfaces are locally homeomorph between them.
TWO SIMPLE EXAMPLES
• The plane and the cylindrical surface Let µ : (p, q) → (cos(p), sin(p), q) be the local parametrization of a cylindrical surface. In this case E = G = 1 and F = 0 for the plane (p, q) and for the cylindrical surface: thus µ is a locally isometric to a plane.
• The spherical surface and the plane Let γ : (θ, ζ) → (r sin θ cos ζ, r sin θ sin ζ, r cos θ) be the local parametrization of a spherical surface with radius r. Its Gaussian curvature is k = r −2 , while the plane's one is 0. The two surfaces are then not locally isometric.
